THE APPROXIMATION OF ONE-ONE MEASURABLE
TRANSFORMATIONS BY DIFFEOMORPHISMS

BY
H. E. WHITE, JR.

1. Introduction. A well-known theorem of Lusin states that any measurable
real-valued function f defined on Euclidean n-space can be approximated by con-
tinuous functions in the sense that there is a sequence {f;} of continuous functions
such that

lim m({p | f(p) # (P) = O,

where m denotes Lebesgue measure.

In [9] Whitney proved that the real-valued measurable functions which can be
approximated in the above sense by continuously differentiable functions are those
which have an approximate total differential at almost every point.

The above material leads naturally to the question of whether analogous state-
ments hold for one-one measurable transformations of U onto U, where U is an
open subset of Euclidean n-space. In [1] Goffman proved that any one-one
measurable transformation T of the open unit interval I™ (n=2) onto I™ can be
approximated by homeomorphisms in the sense that there is a sequence {¢;} of
homeomorphisms of 7™ onto I™ such that

}irg m({p | T(p) # ¢4p) or T~Y(p) # ¢; *(p)}) = 0.

This paper is concerned primarily with obtaining a result for transformations of
I™ onto I" (n=2) which bears the same relationship to Whitney’s result as Goff-
man’s does to Lusin’s theorem. That is, it is concerned mainly with the determina-
tion of which one-one measurable transformations of I™ onto I™ (n=2) can be
approximated in the sense of the preceding paragraph by C!-diffeomorphisms.

2. Preliminaries. For any positive integer n, Euclidean n-space will be denoted
by R* (R* will also be denoted by R). Lebesgue outer measure on the family of all
subsets of R™ will be denoted by m*. Lebesgue measure on the family of Lebesgue
measurable subsets of R* will be denoted by m. The adjective ““measurable” will
always be used to mean “Lebesgue measurable.”

Let f be a real-valued function defined on the open subset U of R™. Let p be in U.
For any n-tuple (ki, . . ., k,) of nonnegative integers we write

Oert oty f
Dysy,...scnf(p) for e (2):
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If k,=0 for i#j and k;=s, then we write Djf(p) for Dy, ... i,f(p). If, in addition,
s=1, then we write D, f(p) for Dif(p). And, if n=1, then we write f®(p) for Dj f(p).

Let E be a measurable subset of R. A point x in R is called a point of density
of E if lim,_, , (m(J, N E)/m(J;))=1 for every sequence {J,} of closed intervals
such that x € (=1 Ji and lim,_, , m(J,)=0.

A function f defined on an open subset U of R is said to have an approximate
derivative at the point x, in U if there is a measurable subset E of U such that x,
is a point of density of E and

lim f(X) _f(xO)
X—X0:X€E X—Xo
exists.

From now on, unless otherwise specified, U will denote an open subset of R".

A real-valued function f defined on U is said to have an approximate partial
derivative at po=(x?,..., x9) in U in the direction of the x;-axis (1 <j<n) if the
function f(x3, ..., x}_1, -, X341, ..., x2) has an approximate derivative at xJ. The
approximate partial derivative of f at p, in the direction of the x,-axis is denoted by
D§*f(po). If j=1, we write fuo(po) for DE(po).

Let T be a transformation of U into R". We write T=(fi, . . ., f,) where the f;
are the real valued functions defined on U such that T(p)=(fi(p), - - ., fo(p)) for
all pin U. If p € U and D,f,(p) exists for j, k=1, ..., n, then the Jacobian of T at
p is denoted by J(T, p).

DErFINITION 1. If p € Uand D2%f,(p) exists for j, k=1, . . ., n, then the determinant
of the matrix [D°f,(p)] is called the approximate Jacobian of T at p and is denoted
by Jup(T, P).

Now suppose that T is one-one and that T[U]=V is open in R". Following [1],
we will say that T is measurable if 7-[B] is measurable for every Borel subset B
of V and T[B’] is measurable for every Borel subset B’ of U. As usual, the trans-
formation T is said to have property (N) if m(T[Z])=0 for every subset Z of U of
Lebesgue measure zero.

In this paper r will always denote either a positive integer or o, unless explicitly
stated otherwise.

Now we have a definition fundamental to the paper.

DEFINITION 2. Let T be an one-one measurable transformation of U onto U.
Then T is said to be approximately smooth of order r if, for every >0, there is a
C'-diffeomorphism ¢, of U onto U such that m({p | T(p)#é.(p)}) <e. If T is
approximately smooth of order 1, then we say simply that T is approximately
smooth.

Let E be a measurable subset of R™. A point po=(x?,..., x3) in R" is called a
point of linear density of E in the direction of the x;-axis (1<j<n) if the set
E(po, j), defined by E(po, j)={x| (33, ..., x}_1, X, X}+1, . .., X3) € E}, is measur-
able and xJ is a point of density of E(p,, j). We will denote by E* the set of all p
in E such that p is a point of linear density of E in the direction of the x,-axis for
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J=1,...,n. Then m(E—E*)=0 (see [7, p. 298]). We will need the following
elementary proposition.

PROPOSITION 1. Let f and g be real valued functions defined on U. Let E be a
measurable subset of {p | f(p)=g(p)}. Suppose that p, € E* and that 1 <j<n.

(1) If D,f(po) exists, then DiPg(p,) exists and Dg(po)= D,f(po).

(2) If D;f(po) and D;g(p,) exist, then D,f(po)= D,g(po)-

DErINITION 3. For an open subset U of R", let C,(U) denote the set of all measur-
able functions f: U — R with the property that, for every &> 0, there is a function
Js: U— R of class C" such that m({p | f(p)#f:(P)}) <e.

THEOREM 1. Let T=(f,,..., f,) be a one-one measurable transformation of U
onto U. Suppose that T is approximately smooth of order r. Then the following
Statements hold.

(1) For j=1,...,n, f;e C(U).

(2) For j, k=1,...,n, D*f(p) exists for almost all p in U.

(3) T~ has property (N).

(4) If U is connected, then either J,,(T, p) >0 for almost all p in U or J,(T, p)<0
for almost all p in U.

(5) If m(U)<oo, then T~ is approximately smooth of order r if and only if T
has property (N).

(6) If (a) m(U)<oo, (b) T and T~ are approximately smooth of order r, and
{#:} is a sequence of C'-diffeomorphisms of U onto U such that

lim m({p | T(p) # $:(P)}) = O,

then limy. . m({p | T~*(p)#¢i *(p)})=0.

Proof. Since T is approximately smooth of order r, there is a sequence

{¢i = (f]f9 L ,f:)}

of C'-diffeomorphisms of U onto U such that lim,_, . m({p | T(p) # ¢,(p)}) =0. For
each i, let 4,={p | T(p)=¢y(p)}. _

Proof of (1). Suppose 1=j<n. Then 4,<{p | f(p)=f}(p)}, so f; € C(U).

Proof of (2). Suppose 1=j, k<n. By Proposition 1(1), if p € A¥, then D*f,(p)
exists and equals D,fii(p). Since m(4,— A}¥)=0 for i=1, 2, ..., D¥f(p) exists for
almost all p in U.

Proof of (3). First recall that if S is an one-one measurable transformation of
U onto U, then S~ has property (N) if and only if, for every measurable subset £
of U with m(E)>0, we have m*(S[E])>0.

So let E be a subset of U of positive measure. Let i, be such that m(E N 4,))>0.
Since the diffeomorphism ¢;;* has property (N) (see [6, p. 339]), m(¢,,[E N A,D>0.
But then m*(TTE]) 2 m(¢,,[E N A,,])>0. Thus T-* has property (N).
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Proof of (4) Suppose that U is connected. By the proof of (2), J.,(T, p) is
defined for all p in U2, 4F and J,,(T, p)=J(:, p) for all p in A¥. Since ¢, is a
diffeomorphism and U is connected, either J(¢;, p)>0 for all p in U or J(¢;, p) <0
for all p in U. Since lim,_, , m(U— A4¥)=0, either J, (T, p) >0 for almost all p in U
or J,(7T, p) <0 for almost all p in U.

Proof of (5). Suppose that m(U)<oo and that T has property (N). Then T[E]
is measurable for every measurable subset E of U. Now let e > 0. For any measurable
subset E of U let w(E)=m(T[E]). Then u is a finite measure on the family of
measurable subsets of U. And p is absolutely continuous with respect to m since T
has property (N). So there is 8 >0 such that m(E) < & implies that m(T[E])=u(E) < ¢
(see [7, p. 31]). Now choose i, such that m(A4;)>m(U)— 8 for i2i,. Then m(T[A4,])
>m(U)—e for all iZ iy. Thus, since T[4;]1={p | T-*(p)=¢: '(p)},

illT, m{{p | T-'(p) = ¢ '(p)}) = m(U).

Therefore T~ is approximately smooth of order r. The converse follows from (3).

Proof of (6). If ¢, is substituted for ¢, in the proof of (5), then we have a proof
of (6). 1

For p and g in R, we denote the Euclidean distance between them by |p—gq].
For p in R" and e>0 we let B(p, e) denote the set {ge R* | | p—q|| <e}. For n21,
we let /™ denote the set {(x;,..., x,) € R"| 0<x;<1 for j=1,...,n} (we also
denote I' by I). For any subset 4 of R™ we denote the closure, interior, and bound-
ary of A by cl A, int 4, and bdry A4, respectively.

DEFINITION 4. An open subset U of R" is said to satisfy condition (%) if

(1) U is connected,

(2) m(U)<oo, and

(3) there is a C~*-diffeomorphism 6 of U onto U such that J(6, p) <0 for all p
in U.

REeMARK. The set I™ satisfies condition (*) and the only subsets of R which
satisfy condition (x) are bounded open intervals.

3. The main theorem.

THEOREM 2. Let U be an open subset of R™ (n22) satisfying condition (x). Let
T=(f1,...,fs) be a one-one measurable transformation of U onto U. Suppose that

(1) f;e C(U) for j=1,...,n,

(2) either J,(T, p)20 for almost all p in U or J,(T, p) S0 for almost all p in U,
and

(3) T~ has property (N).

Then T is approximately smooth of order r.
We prove Theorem 2 via the following lemmas.

LeMMA 1. Let U be an open subset of R* and let T be a C’'-transformation of U
into R". Let K be a compact subset of U such that T|K is a homeomorphism and
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J(T, p)#0 for all p in K. Then there is an open set V such that KcV<UandT |V
is a C"-diffeomorphism.

This is a special case of [4, Theorem 1.7].

DErRINITION 5. Let U and ¥V be open subsets of R*. Let DU, V) denote the set
of all C'-diffeomorphisms ¢ of U onto ¥ such that J(¢, p)>0 for all p in U. And
we denote D (U, U) by D,(U).

LEMMA 2 (MORSE AND HEUBSCH). Let U be an open subset of R" containing the
origin and let ¢ be a C'-diffeomorphism of U onto R" such that ¢(0)=0 and J(¢, 0) > 0.
Let e>0. Then there is a positive number f<e and ¢* in D,(R") such that

$*(p) = #(p) ifp € B, f),
=p if p € R*— B(0, e).

See [3, pp. 21-24] for a proof of Lemma 2. An easy consequence of Lemma 2 is

the following.

LeEMMA 3. Let U be an open subset of R" containing the point p, and let ¢ be a
"-diffeomorphism of U onto R™ such that J(¢, po)>0. Let e>0. Then there is a
positive number f< e and ¢* in D,(R") such that ¢$*(p)=4¢(p) for all p in B(p,, f).

LEMMA 4 (MORSE AND HEUBSCH). Let U and V be connected open subsets of R*
such that B(py, e)<UN V. If $ € DU, V), then there is ¢* in D(U, V) and a
compact set K contained in U such that B(p,, e)<int K and

¢*(p) =p  ifpeB(poe),
=¢(p) fpeU-K
See [3, pp. 45-47] for the proof of a more general statement than Lemma 4.

LEMMA 5. Let U be a connected open subset of R and let ¢ in D(R") and B(p,, €)
be such that

B(po, €) L $[B(po, €)] = U.

Then there is ¢* in D(R™) and a compact set K contained in U such that B(p,, e)
<int K and ]
$*(p) = #(p) if p € B(po, €),
=p ifpe R"—K.

Proof. Since B(p,, e)<U N ¢~1[U], by Lemma 4, applied to U, ¢~*[U], and
é~1, there is a compact set K contained in U and ¢, in DU, ¢~[U]) such that
B(p,, e)<int K and '

$«(p) = p if p € B(po, €),
=¢Yp) ifpeU-K
Define ¢* by
$*(p) = $(¢+(p)) ifpel,
=p ifpe R"—U.
Then ¢* is the required diffeomorphism. [
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LEMMA 6. Let U be a connected open subset of R* (n22). Let {¢, | j=1,...,k}
be contained in D(R") and let \ J¥_, B(p,, e,) be contained in U. Suppose that

(1) ¢,[B(pj, epl<U for j=1,...,k, and

(@) {B(ps, €) |j=1,...,k} V{$)[B(p;, )] |j=1,..., k} is a disjoint family.

Then there is ¢ in D,(R™) and a compact set K contained in U such that

(@) Uf-1 B(p), e)<int K,

() ¢|B(p), e)=4;|B(p;, €)) for j=1,..., k, and

() #(p)=pifpe R*—K.

ReMARK. If n=1, then Lemma 6 is false if k = 2. This is what prevents the proof
of Theorem 2 from holding when n=1.

Proof. For j=1,...,k, let B,=B(p;, e;). Since U is connected, n=2, and (2)
holds, there are connected open sets U, . . ., U, contained in U such that

{Ujli=1,...,k}

is a disjoint family and, forj=1, .. ., k, B; U ¢,[B;J< U;. Forj=1, .. .,k, by Lemma
5, there is a compact set K contained in U; and ¢} in D,(R") such that B,<int K;
and
$¥(p) = ¢4p) if pe By,
=p if pe R*—K,.
Define ¢ by
#(p) = ;‘(p) ifpelU, j=1,...,k
=p ifpe R"—J K,

Then ¢ is the required diffeomorphism. [

In the rest of this section, unless otherwise specified, U will denote an open subset
of R" (n=2) satisfying condition (x).

LemMA 7. Let T=(f,..., f») be a one-one measurable transformation of U onto
U such that f; € C(U) for j=1, ..., n. Let E be a measurable subset of

{P|Jep(T,p) > 0} ({p|Jep(T,p) < O}).

Suppose that m(E)>a>0. Then there is C'-diffeomorphism ¢, of U onto U such
that '
m({p | T(p) = ¢u(P)} N E) > a.

Proof. (1) Suppose that E<{p | J,,(T, p)>0}. Since f; € C,(U) for j=1,...,n,
there is a transformation S: U — R" of class C" such that m({p | T(p) # S(p)})
<m(E)—a. Then m({p | T(p)=S(p)} N E)>a. Let K be a compact set contained
in EN{p | T(p)=S(p)}* and such that m(K)>a. From the first property of K and
Proposition 1(1), we have J(S, p)=J,,(T, p)>0 for every p in K. And, since
S|K=T|K, S|K is one-one. Thus, since K is compact, S| K is a homeomorphism.
Let V={p € U | J(S, p)>0}. Then, by Lemma 1, there is an open set W such that
KeW<V and S|W is a C'-diffeomorphism. And W can be chosen so that
S[wl<U.
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Now let ¥~ be the family of all B(p, e) contained in W for which there is ¢ in
D,(R™) such that S|B(p, e)=4¢|B(p, €). By Lemma 3, for each p in W there is a
positive number e, such that {B(p, e) | 0<e<e,}<¥ . Thus W and ¥ satisfy the
hypothesis of Vitali’s theorem (see [7, p. 109]). Hence, since m(W) < oo, there is a
finite disjoint family {B(p,, e;) | j=1,..., k} contained in ¥ such that

m(W— jL:)l B(p,, e,)) < m(K)—a.

Let B,=B(p,, ej) for j=1,..., k. Now there is a finite family {¢, | j=1,..., k}

contained in D,(R") such that S|B,;=4,|B, for j=1,..., k. Let K,=K n [ ¥, B,].

Then m(K,)>a. And {¢[B;] | j=1, ..., k} is a disjoint family since S| W is one-one.
Next, let {B(q,, f;) | j=1, ..., k} be a disjoint family contained in

U- jL:)1 [B; L ¢(Bi]].

Let B;=B(g;, f;) for j=1,..., k. Now, for j=1,..., k, let «; be an affine trans-
formation of R" onto R such that «,[B;]=B; and J(«,, p) >0 for all p in R". By
Lemma 6, there is « in D,(R") and a compact set K, contained in U such that
U¥-1 B,<int K,, «|B;=«a,|B; for j=1,..., k, and «(p)=p for p e R*—K,.

Now, by Lemma 6, applied to {¢; o ;! | j=1,..., k}, {B;| j=1,..., k}, and U,
there is ¢ in D,(R") and a compact set K, contained in U such that J%., Bj<int K,,
é;|B;=(¢; o ¢; 1)|B; for j=1, ..., k, and ¢(p)=p for p € R*—K,.

Now let ¢,=¢ o («|U). Then ¢, € D(U) and ¢,|K,=T|K,. For let p € K,. Then
there is a positive integer j<k such that p € B;. So

$a(p) = $(AP)) = $(oP)) = ($;° &5 Ne(P)) = $4(p) = S(p) = T(p).

Hence m({p | T(p)=¢4(p)} N E)2m(K,)>a.
(2) Suppose that Ec{p | J(T, p)<0}. Since U satisfies condition (%), there is a
C~-diffeomorphism 8 of U onto U such that J(8, p) <0 for all p in U. Let

T1=T°0=(g1,...,g,,).

Then g, e C(U) for j=1,...,n. For, since f; e C(U) for j=1,...,n, there is a
sequence {S;} of C'-transformations of U into R" such that

lim m({p | T(p) = S«p)}) = m(V).

Then, since 6~ has property (N) and m(U) <o, limy_, . m(8~[{p | T(p)=Sk(p)})
=m(U). But, for each k, 6-[{p | T(p)=Su(p)}]={p | T1(p)=S:(8(p))}. So, for
j=1,...,n,g,€ C(U).

Next, let

4= U lp ] Tp) = SL0@N* 0 67{(p | T(2) = S]] N 6-4E).
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Then m(A)=m(6-*[E])>0. And A<{p | Jo,(Ty, p)>0}. For let p € A. Then there
is i such that J,,(Ty, p)=J(S; © 6, p) and J,(T, 0(p))=J(S;, 6(p)). So

Jop(T1, p) = J(S; © 6, p) = J(S;, 68(p))J(6, p) = Jup(T, 8(p))J(6, p).

Since 8(p) € E, both factors on the right are negative. Hence J, (T3, p) > 0.

Since 6 has property (N) and m(U) <oo, there is a positive number 8 <m(4)
such that m(0[F]) <m(E)—a for every measurable subset F of U with m(F)<3$.
Now, applying part (1) to Ty, 4, and m(A)— 38, there is ¢ in D,(U) such that
m({p | Tu(p)=¥(p)} N 4)>m(A4)—8. Then m(0[{p | T1(p)#¥(p)} N A]) <m(E)—a.
Let ¢,=¢ o 0-1. Then ¢, is the required diffeomorphism. |

REeMARK. The diffeomorphism ¢, in Lemma 7 can be chosen so that there is a
compact set K* contained in {p | T(p) =¢.(p)} N E such that ¢,|(U—K?) is a real
analytic diffeomorphism. This is a straightforward application of [8, Lemmas 1
and 6] and of [4, Theorem 1.2].

LemMMA 8. Let U be an open subset of R and let T be a C*-transformation of U
into R™. If E is a measurable subset of U and J(T, p)=0 for almost all p in E, then
m(T[E])=0.

See [6, p. 339] for a proof of Lemma 8.

Proof of Theorem 2. Theorem 2 will follow from Lemma 7 if we show that the
. set Z={p | Jop(T, p) =0} has measure zero. Note first that J,,(7, -) is a measurable
function since the D{®f; are measurable functions (see [7, p. 299]). Hence Z is a
measurable set. There is a sequence {S,} of C’-transformations of U into R" such
that lim,_, ., m({p | T(p)# Si(p)})=0. For each k, let Z,=Z N {p | T(p)=S.(p)}
Then m(Z—\Jy-1 Z,)=0. Let k be a positive integer. Then, by Proposition 1(1),
we have J(S, p)=Jop(T, p)=0 for all p in Z¥. So, by Lemma 8, m(S,[Z,])=0.
Hence m(T[Uz-1 Z,])=0. Since T~ has property (N), m({Ug-, Z,)=0. Therefore
m(Z)=0. |

REMARKS. (1) It can be shown that if Theorem 2 holds for an open subset U of
R (n=2), then U satisfies condition (x).

(2) If Uis a bounded open subset of R* and ¢ is a homeomorphism of U onto U,
then the condition that ¢! has property (N) means essentially that ¢~1 is
‘‘absolutely continuous.” Explicitly, this means that ¢ ~! is eAC in the terminology
of [6].

In [9], Whitney proved the following two theorems, the first of which allows us
to determine “explicitly”” the approximately smooth one-one measurable trans-
formations of U onto U.

THEOREM 3 (WHITNEY). Let U be an open subset of R*. Then fe Cy(U) if and
only if, for j=1, ..., n, D?*f(p) exists for almost all p in U.



1969] APPROXIMATION OF MEASURABLE TRANSFORMATIONS 313

THEOREM 4 (WHITNEY). Let r be a positive integer and let f be a real valued
function defined on the open subset U of R". Suppose that

(1) f has partial derivatives of order <r everywhere on U and

(2) each partial derivative of f of order r has a total derivative almost everywhere
on U.

Then f € C, . ,(U).

Combining these two theorems with Theorem 2, we have the two of the most
important results of this paper.

THEOREM 5. Let T=(f3, ..., f,) be a one-one measurable transformation of U
onto U. Then T is approximately smooth if and only if

(D) forj, k=1,...,n, D:*f(p) exists for almost all p in U,

(2) either J, (T, p)20 for almost all p in U or J,,(T, p) 0 for almost all p in U,
and

(3) T has property (N).

Furthermore, both T and T~ are approximately smooth if and only if T satisfies
(1), ), 3), and

(4) T has property (N).

If T satisfies (1), (2), (3), and (4), then there is a sequence {$,} of C*-diffeomorphisms
of U onto U such that

Lim m({p | T(p) # $(p) or T-X(p) # ¢ *(P)}) = 0.

THEOREM 6. Let r be a positive integer. If T=(f1, . . ., f,) is a one-one measurable
transformation of U onto U such that

(1) for j=1,..., n, f; has partial derivatives of order <r everywhere on U,

(2) for j=1,..., n, each partial derivative of f; of order r has a total differential
almost everywhere on U,

(3) either J(T, p) 20 for almost all p in U or J(T, p) <0 for almost all p in U, and

(4) T~* has property (N),
then T is approximately smooth of order r+1.

REMARK. If n=2 in Theorem 6, then T is necessarily a homeomorphism and (3)
follows from (1) (see [6]).
Another corollary to Theorem 2 is the following.

THEOREM 7. Let T be a one-one measurable transformation of U onto U. If T is
approximately smooth of order r for every positive integer r, then T is approximately
smooth of order co.

This follows from Theorem 1 and Theorem 2 and the following lemma.

LeMMA 9. If U is an open subset of R", then C,(U)=\;%,; C(U).
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Proof. Suppose that fe ()2, C{U) and let ¢>0. For each positive integer j
choose g;: U— R of class C7 such that m({p | f(p)#g(p)}) <e/2'. Let

A={p|flp)=g(p)forj=12,...}
Then m(U—A)<e.
Now let 4,=A. For any integer j= 0, having defined 4, let 4,,,=A}. Then let
Aeo=[i>r A;. Note that m(U—A,)<e.
Now, using Proposition 1(2), it is easy to show by induction that

(%) Dg,,...kn8(P) = D, ...k8(P)
for all p in 4, whenever s and ¢ are positive integers =j and >}, k;<j. So (¥)
holds for all p in 4, whenever s and ¢ are positive integers such that

> ki < min (s, 1).
i=1

Now let F be a closed set contained in A4, such that m(U— F)<e. For every
positive integer n and every n-tuple (ky,..., k,) of nonnegative integers define
Saker. ...k BY Seer, ... ten(P)= Dy, ...k 8Ap) for p in F where 37, k;<j. From the
preceding paragraph it follows that the fj,, ..., are well defined and that f is of
class C® on F. Then, by [8, Theorem 1], there is a function A: R* — R of class C*
such that h|F=f|F. Hence fe C,(U). |

REMARK. Theorem 2 is false for R. For define f by

f(x) =x+1/2 if0<x<1/2
=x-1/2 f12<x<1,
=1/2 if x = 1/2.
Then f is a one-one measurable transformation of 7 onto I such that fe C,(7),
f'(x)=1 for almost all x in 7, and f~* has property (N). But, if g is a homeo-
morphism of I onto I, then m({x | f(x)=g(x)}) =1/2. (See [1, p. 272].)

However, the following statement can be proved.

THEOREM 8. Let ¢ be a homeomorphism of I onto I. Then ¢ is approximately
smooth of order r if and only if

(1) ¢ C(I) and

(2) ¢~ has property (N).

3. In this section we show that Theorem 2 is the “best possible” theorem. First
we need the following definitions.

A modulus of continuity is a monotone nondecreasing function o defined for all
nonnegative real numbers such that lim, .., o(x)=0(0)=0.

DEFINITION 6. Let 4 be a subset of R* and let ¢ be a modulus of continuity.
Let C(4, o) denote the set of all functions f: 4 — R such that |f(p)—f(q)|
<o(|p—q|) for all p and g in A.

We denote the set of all real-valued continuous functions defined on [0, 1] by
Clo, 1].
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THEOREM 9 (GOFFMAN). For every sequence {o,} of moduli of continuity, there
exist fin C[0, 1] such that m({x | f(x)=g(x)})=0 for all g in\J;>, C([0, 1], o).

See [2, pp. 741-744] for the proof of Theorem 9. Using a slight modification of
the proof of [2, Corollary 3], we prove the following statement.

PROPOSITION 2. Let r be a positive integer and let {o,} be a sequence of moduli of
continuity.

(1) There is a C™-diffeomorphism ¢, of [0, 1] onto [0, 1] such that if g: [0,1] — R
is a class C" and g € U, C([0, 1], 0,), then

() m(\ x| $9(x) = g%(x)}) = 0.

) If ¢, isasin (1), if g: I - Riis of class C" and if g™ € \U;%, C(, o,), then (x*)
holds.

Proof. First, suppose that r=1. By Theorem 9, there is f in C[0, 1] such that
m({x | f(x)=w(x)P)=0if we |-, C([0, 1], io;). Choose positive numbers a, and
b, so that f(x)+b,>0 for all x in [0, 1] and so that [; ag(f+bo)dm=1. Define ¢,
by ¢1(x)=[3 ao(f+bo)dm for x in [0, 1]. Then ¢, is a C*-diffeomorphism of [0, 1]
onto [0, 1]. Now suppose that g: [0, 1] - Ris of class C*and g’ € ;% C([0, 1], 0;).
Then ag'g’' —b, € U1 C([0, 1], iay), so

0 = m({x | f(x) = a5g'(x)—bo}) = m({x | $1(x) = g'x)}).
Now, by Proposition 1(2), {x | $:(x)=g(x)}*<{x | $1(x)=g'(x)}. Hence
m({x | $1(x) = g(x)}) = 0.

Then it is easily seen that ¢, satisfies (2). And, in the induction step, we replace

Sby én.

COROLLARY 1. Let r be a positive integer.
(1) There is a C'-diffeomorphism i, of [0, 1] onto [0, 1] such that if g: [0,1] - R
is of class C™ and (g7)a(x) exists for almost all x in [0, 1], then

(res) m(\U (x| $90x) = g()}) = 0.

2) If Y, isasin (1) and if g: I — R is of class C™ and (g™)ap(x) exists for almost
all x in I, then (%*x) holds.

Proof. (1) Let oy(x)=jx for x20, j=1,2,.... Applying Proposition 2 to {o,},
we obtain a C'-diffeomorphism ¢, of [0, 1] onto [0, 1] such that if w: [0, 1]— R
is of class C" and w® e | J;%, C([0, 1], 5,), then m(U% -0 {x | $(x)=w®(x)})=0.
Now suppose that g: [0, 1] — R is of class C" and (g™)a,(x) exists for almost all x
in [0, 1].
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Suppose that m({x | ${”(x)=g(x)})>0. Then, by Theorem 3, applied to g|I,
there is a function v: [0, 1] — R of class C* such that

m({x | $i°(x) = g7} N {x | g"(x) = v(x)}) > 0.

Next, let u: [0, 11— R be a function of class C"*! such that ¥”=v. Then
u® e Uz C([0, 1], o). So

0 = m({x | $°(x) = uP(x)}) = m({x | $P(x) = v(x)}).

Therefore m({x | ${°(x)=g"(x)})=0. The rest of the proof of part 1 and the proof
of part 2 are very similar to the corresponding parts of the proof of Proposition 2.

THEOREM 10. (1) Let {0} be a sequence of moduli of continuity. Let r be a positive
integer and let j and k be integers between 1 and n. Then there is a C"-diffeomorphism
o of I onto I™ such that if S=(fi, ..., f,) is a C'-transformation of I"™ into R™ with
Dif. in Ui C(I™, o;), then m({p | «(p)=S(p)})=0. If, in addition, S is a C’-
diffeomorphism of I" onto I", then m({p | «(p)=S(p) or «~*(p)=S"(p)})=0.

(2) Let v, j, and k be as in (1). Then there is a C'-diffeomorphism B of I™ onto I
such that if S=(fi, . .., fu) is a C'-transformation of I" into R" and if D%*(D;f,)(p)
exists for almost all p in I", then m({p | B(p)=S(p)})=0. If, in addition, S is a C’-
diffeomorphism of I™ onto I™, then m({p | B(p)=S(p) or B~*(p)=S"*(p)})=0.

Proof. In this proof we denote Lebesgue measure on R by m; and Lebesgue
measure on R" by m.

(1) Let ¢, be a C'-diffeomorphism of I onto I satisfying the conclusion of
Proposition 2(2), relative to {o;}. For s=1,.. ., n, define «, by

(X1, . ooy Xp) = X ifs #j, k,
(X1, . .05 Xp) = @(x;) for (xy,...,x,) €™,
(X1, .5 Xp) = Xy

Let a=(«y, ..., «;). Then « is a C'-diffeomorphism of I™ onto I".
Now let S=(fi,..., f,) be a C'-transformation of I into R" with

Dify 6‘91 c(I", o).

Let y1,...5Yj-1, Yi+1> - - -» Y» be in I. Then the function

f=fin,.. 5 Vi-15 s Vir1s -5 Yn): I—> R
is of class C" and f e U2, C(I, o). Since my({t € I | f(t)=4.(1)})=0,
m{tel] filyis- s Vi-1st Yizrs s Vo) = @Yo o5 Yim1s LVss1s - 5 Ya)}) = 0.
Then, by Fubini’s theorem, m({p € I" | o4(p)=fi(p)}) =0. Hence

m{pel" | «(p) = S(p)}) = O.
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The last statement of (1) follows since o has property (N). The proof of (2) is
the same as the proof of (1) with Corollary 1 substituted for Proposition 2.

4. Examples. In this section m; will denote Lebesgue measure on R and m
will denote Lebesgue measure on R2

A homeomorphism of I onto I is either monotone increasing or monotone
decreasing on I and hence has a derivative almost everywhere on I. In contrast to
this, for n=2, a homeomorphism of I™ onto /™ need not have even approximate
partial derivatives almost everywhere on /™.

EXAMPLE 1. There is a homeomorphism «=(u, v) of I? onto I2 such that

(1) « and «~*! have property (N) and

(2) m({p | D¥*v(p) exists})=0.

It follows that if  is a C*-diffeomorphism of 72 onto IZ, then

m({p | «(p) = ¥(p) or «~*(p) = ¢"1(p)})A= 0.
Construction. By [S, Theorem 1] there is fin C[0, 1] such that if
Sx+h)—fx)
I °°}’

then m;(4)=1. We may assume that | f(x)| <1/2 for all x in [0, 1]. Let u(x, y)=x
for (x, y) in I2? and define v by

A={x|'lli_1.1(}ap

v(x,y) =y + 2f(x)y f0<x<1,0<y=1/2
=y +2f(x)(1-y) f0<x<1,12=2y< 1.

Let a=(u, v).

Verification. The transformation « is a homeomorphism of 72 onto I% since
v(x, -) is a homeomorphism of I onto 7 for all x in I.

(1) Let Z be a subset of I% of measure 0. We may assume that Z is a Borel set.
Then «[Z] is a Borel set. Now, by Fubini’s theorem, m,({y | (x, y) € Z})=0 for
almost all x in I. Thus m,({v(x, - )(») | (x, y) € Z})=0 for almost all x in I since
v(x, -) is a piecewise linear homeomorphism. So m;({y | (x, y) € «[Z]})=0 for
almost all x in I. Hence m(c[Z])=0. A similar argument shows that «~! has
property (N).

(2) Let B={(x, y) | limy_o ap |(v(x+h, ) —o(x, ))/h| =co}. Then {y | (x, ) € B}
=A N Ifor all x in I. Hence m(B)=1. Therefore m({p | Di*v(p) exists})=0. [

The following example shows that even if a homeomorphism is of class C’,
it may fail to be approximately smooth (however, it does follow that its inverse is
approximately smooth).

ExAMPLE 2. There is a homeomorphism § of I onto / such that

(1) Bis of class C1,

(2) B~ is approximately smooth of order oo, and

(3) B is not approximately smooth.
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Construction. Let F be a closed nowhere dense set of positive measure contained
in I. Let f be a bounded, continuous, nonnegative function defined on I such that
F={x | f(x)=0} and such that f|(I—F) is of class C*. Define 8 by letting

gy = [[[ ram] ™ [ ram,

for x in I.
Verification. Clearly B is of class C! on I, B is of class C® on I—F, and

F={x|px) =0}

Since F is nowhere dense and f(x)>0 for x e I—F, B is a homeomorphism of
onto 1.

(2) First we note that B=*|(I—B[F]) is of class C*. Next, since B'(x)=0 for all
x in F, my(B[F])=0. And B~! € C,(I). For let £>0. Let K, be a compact set
contained in I—B[F] of measure >1—e. Then B~! is of class C* on K,. So, by
[8, Theorem 1], there is g.: I — R of class C® such that g /|K,=B"!|K,. Thus
B~ e C(I). So, since B has property (N), by Theorem 8, B~ is approximately
smooth of order co.

(3) Since my(F)>0 and m,(B[F])=0, B is not approximately smooth. ||

Remarks. (1) If B* is defined by B*(x, y)=(B(x), y) for (x, y) in I2, then 8* has
properties analogous to those of 8. This technique applies to Example 3 also.

(2) If T is a one-one measurable transformation of /™ onto I™ (n=2) such that
T is approximately smooth of order r and T~ is approximately smooth, then 7-*
is approximately smooth of order r.

ExAMPLE 3. There is a homeomorphism y of I onto I such that

1) v,y *e () and

(2) if ¢ is a diffeomorphism of I onto 7, then

my({x | y(x) = $(x) or y~(x) = $~(x)}) = 0.

Construction. Let y be a homeomorphism of 7 onto I such that there is a set 4
contained in I of measure 1 such that m,(y[4])=0 (see [7, p. 101]).

Verification. Clearly y satisfies (1) since any homeomorphism of I onto I
satisfies (1). Now let ¥ be as in (2). Since m;(4)=1 and m;(y[4])=0, we have
y'(x)=0 for almost all x in 4 (see [7, p. 126]). Hence m({x | ¥'(x)=¢'(x)})=0. As
in the proof of Proposition 2, m({x | y(x)=4(x)})=0. Similarly,

m({x|y~'(x) = ¢~} = 0.

In Theorem 2 part of the hypothesis is that either J, (T, p) = 0 for almost all p in
U or J,(T, p) =0 for almost all p in U. Obviously this condition cannot be omitted
from the hypothesis if T is assumed merely measurable. The following example
shows that this condition cannot be omitted even if T is assumed to be a homeo-
morphism.



1969] APPROXIMATION OF MEASURABLE TRANSFORMATIONS 319

ExXAMPLE 4. There is a homeomorphism 0= (u, v)[0~*=(i@, 7)] of I? onto 12 such
that

(1) u, v, @, 7€ Co(1?),

(2) 0 and 6-* have property (N), and

(3) m({p | Jap(6, p)>0})>0 and m({p | Jax(6, p) <0})>0.

It follows from (3) that neither 6 nor 6! is approximately smooth.

Construction. Let J={(x,y)|0=x=<1,0=5y=<1/2} and define o by %(x,y)
=(1-x, y) for (x, y) in int J. Then 5 is a C*-diffecomorphism of int J onto int J
such that J(», p)= —1 for all p in int J. We now need the following material.

DEFINITION 7. A subset 4 of I? is called sectionally zero-dimensional if, for
every line L parallel to either the x-axis or the y-axis and every >0, there is a line
L' parallel to L such that dist(L,L)<eand L' " A=¢&.

Let C be a simple closed curve contained in R2. We denote the bounded com-
ponent of R%—C by I(C).

DEFINITION 8. A set P contained in 12 is called a p-set if bdry P is a simple closed
curve which is composed of a finite number of line segments each of which is
parallel to either the x-axis or the y-axis and P=bdry P U I(bdry P).

THEOREM 11. A homeomorphism of the unit circle in the plane onto itself has an
extension to a homeomorphism of the closed unit disk onto itself which is a C*-
diffeomorphism of the open unit disk.

REMARK. Actually, it follows from [4, Theorem 1.3] that the extension may be
chosen so that it is a real analytic diffeomorphism of the open unit disk.
The following is an easy corollary to Theorem 11.

COROLLARY 2. Fori=1,2,let{P{,..., P}} be a disjoint family of p-sets contained
in the interior of the p-set P. Let ¢ be a homeomorphism of bdry P§ onto bdry P3.
Then there is a homeomorphism ¢* of Pi—\J{int P} |j=1,...,n} onto P§—
U{int P} | j=1,...,n}, and, for i=1, 2, an open set U, contained in

Pi—UJ{intP}|j=1,...,n}
such that
) fori=1,2, m(U)=m(Pi—\J{int P} | j=1,...,n}),
(2) ¢*|U, is a C*-diffeomorphism of U, onto U,,
(3) ¢*|bdry P3=4¢, and
(4) ¢*[bdry P}]=bdry P? for j=1,...,n.

The following comes directly from the proof of [1, Theorem 1] and will be
stated without proof.

There are sectionally zero-dimensional compact sets S* and S2 contained in
int J such that m(S*) >0 and 5[S*]=.52. Next, there is a family of sets

{Sjl S %] Pfil . .jk}9
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defined in the following manner. First, there is a positive integer t,; for every
jiSty, there is a positive integer 1, ; for every j, =t;, jo<t,,, there is a positive
integer #,,,; and, for every positive integer k> 1, having defined positive integers
Y, .. 5., there is, for every ji<t,, j2St;,..., kSt j,_,» & positive integer
t, .. ;. Now, forevery k21, i <t,, joSt;, ..., kSt . 4, and i=1, 2, there are
sets S, . ;, and P} _; with the following properties: »

(1) Sj,.. .5 is a sectionally zero-dimensional compact set such that Sj < S* and,
fork>1, 8}, ;. SSh .  jk-r

) diam (},.. ;) S(1/2)" and n[S},..;,]= S35,

(3") Fori=1,2,

Si = U{Sfl...fk |j1 é tl""’jk é tf1...fk-1}'

(4') Pi,..; is a p-set such that diam (P}, ;)< (1/2)* 1.
(5) Fori=1,2,
{Piy. gl i S tiyev s S gy}

is a disjoint family.

(6") For k>1, S , <intPi ;<P  ,<intPj , _, and Sj<intPj <P}
CintJ.

Note that properties (3'), (4'), and (6) imply that

(7) Fori=1,2,

St = kol [ULPL . ol i Sty e S 4y g )

Next, a homeomorphism n* of intJ is constructed in the following manner
(this is a slight modification of the technique used in the proof of [1, Theorem 1]).

Step 1. For i=1, 2, let J;; denote the set J—|J {int P}, | j, <t,}. By Corollary 2
there is a homeomorphism o, of J;; onto Jy;, and, for i=1, 2, an open set Uy
contained in J;; such that

(1.1) m(U)=m(J,) for i=1, 2,

(1.2) o,|Uy, is a C*-diffeomorphism of U,; onto Uj,,

(1.3) oy(p)=p for p in bdry J, and

(1.4) oy[bdry P},|=bdry P? for j, <t,.

Step 2. For i=1,2, and j,; £1,, let K}, denote the set Pj, — {int P}, | j2<1;,}.
For i=1, 2, let J;, denote the set \J {K}, | j: =t,}. For j; <t,, apply Corollary 2 to
K}, KZ and o,|bdry P},. Hence there is a diffeomorphism o, of J;, onto J,; and,
for i=1, 2, an open set U, contained in J;, such that

2.1) m(U)=m(J;,) for i=1, 2,

(2.2) 0,|U,, is a C*-diffeomorphism of U,; onto Us,,

(2.3) oy(p)=01(p) for p in U {bdry Pj, | j1 =1}, and

(2'4) 02[bdry Pf]ifz] =bdry sziiz for 1St j2 S 7

Let k be an integer greater than 2 and suppose that we have defined homeo-
morphisms oy, ..., 0x_3.
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Step k. For i=1,2, and j;<t;,..., k=158, 4, let K, _, denote the set

P}l...fk_l—.u {intP;I...J'k |jk g tfl...jk-l}‘

For i=1, 2, let J,, denote the set
ULK e L St k-1 S by gea

For ji<t,..., jk-1=t;,.. jo_, apply Corollary 2 to K}, , ., K7 ;. _,, and
ox—-1|bdry P}, ;. _,. Hence there is a homeomorphism o, of J;, onto J,;, and, for
i=1, 2, an open set Uy, contained in Jy, such that

(k.1) m(U,)=m(Jy) for i=1, 2,

(k.2) 04| Uiy is a C*-diffeomorphism of Uy, onto Uy,

(k-3) oi(p)=0y-1(p) for p in

Ufbdry P, g 1r S e -1 S by geah
and
(k.4) ak[bdryP}l..Jk] = bdry P121...1,, forji S ty, .0k Sty guoye

By induction we have a sequence {o,} of homeomorphisms. Now define »* by

7*(p) =n(p) ifpeS?,
=o,(p) ifk =1andpely,.
And define 8 by
6(p) =p ifpel?*-J,
=q*(p) ifpel.

Verification. The proof that n* is a homeomorphism of J onto J is given in [1].

Now, for i=1,2, let U;=\J{Uy | k=1,2,...}. Then from (k.1), we have
m(U)=m(J—S") for i=1,2. And, from (k.2), we have 5*|U, is a C>-diffeo-
morphism of U; onto U,.

We now show that 6 has properties (1), (2), and (3).

(1) Let e>0. Let 4,, A5, and A5 be compact sets such that 4,=12—J, 4,5,
A;< U, and such that if A=4; U A, U A3, then we have m(I2— A) <e. There are
disjoint open sets ¥V, and V; such that A,=V,<intJ and A4Az<V,<U,. Let
V=12-J)U V, U V,. If ¢ is defined by

#(p)=p ifpel*—J,
=n(p) ifpeV,,
=n*(p) ifpeVs,

it follows that ¢ is of class C® on V. And, since 8|4 =4¢|A4, we have that u and v
are of class C* on A. Thus, by [8, Theorem 1], there are functions u* and v* of
class C® on I? such that u*|A=u|4 and v*|A=v|A4. Thus u and v are in C,(I?).
A similar argument shows that # and & are in C,(I?).

(2) Since 6|S?, 0|(12—J), 0|U,, and 6|[J—(S* v U,)] all have property (N), it
follows that 8 has property (N). Similarly, 6! has property (N).
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(3) Since I12—J<{p | J(0, p)=1}, it follows that m({p | Jo,(0, p) >O0)=m(I2—-J)
>0. And, since 8|S*=1|S*, by Proposition 1(1), we have J,,(8, p)=J(n, p)=—1
for p in (S*)*. Thus m({p | Jap(0, p) <0}) = m((S*)*)> 0.

REMARK. Let $=(fi,..., f,) be a homeomorphism of I™ onto I™ (n=2) such
that, for 1 <j<n, f; has partial derivatives almost everywhere on I™. If n=2, then
either J(i, p) 20 for almost all p in I" or J(, p) <0 for almost all p in I". If n=3
and, in addition, ¢ has a weak total differential almost everywhere on I*, then the
same statement holds. We do not know whether this is true for n=3 if we do not
assume that ¢ has a weak total differential almost everywhere on I™. See [6] for a
proof of each of these statements.
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