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1. Introduction. A well-known theorem of Lusin states that any measurable

real-valued function / defined on Euclidean «-space can be approximated by con-

tinuous functions in the sense that there is a sequence {/} of continuous functions

such that

lim m({p \f(p)¿ /(/»)}) = 0,
y-* co

where «z denotes Lebesgue measure.

In [9] Whitney proved that the real-valued measurable functions which can be

approximated in the above sense by continuously differentiable functions are those

which have an approximate total differential at almost every point.

The above material leads naturally to the question of whether analogous state-

ments hold for one-one measurable transformations of U onto U, where U is an

open subset of Euclidean «-space. In [1] Goffman proved that any one-one

measurable transformation T of the open unit interval T (« = 2) onto T can be

approximated by homeomorphisms in the sense that there is a sequence {</>,} of

homeomorphisms of /" onto /" such that

lim m({p | T(p) =4 UP) or T~\p) * <p7\p)}) = 0.
y-.cc

This paper is concerned primarily with obtaining a result for transformations of

/" onto /" (« = 2) which bears the same relationship to Whitney's result as Goff-

man's does to Lusin's theorem. That is, it is concerned mainly with the determina-

tion of which one-one measurable transformations of /" onto /" (« = 2) can be

approximated in the sense of the preceding paragraph by C^diffeomorphisms.

2. Preliminaries. For any positive integer «, Euclidean «-space will be denoted

by F" (F1 will also be denoted by F). Lebesgue outer measure on the family of all

subsets of Fn will be denoted by m*. Lebesgue measure on the family of Lebesgue

measurable subsets of Rn will be denoted by m. The adjective "measurable" will

always be used to mean "Lebesgue measurable."

Let/be a real-valued function defined on the open subset U of Rn. Let/? be in U.

For any «-tuple (ku..., kn) of nonnegative integers we write

D«i.k»M   f°r    ddxt---8xl{p)-
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If k, = 0 for i^j and k¡=s, then we write D'/{p) for D{kl.kn,/(/»). If, in addition,

í=1, then we write DJ(p) for D)/(p). And, if «= 1, then we write/(s)(/») for D\/(p).

Let F be a measurable subset of F. A point x in F is called a point of density

of F if lim^oo (m(Jk n F)/w(7fc))=l for every sequence {/J of closed intervals

such that x e (~)k = xJk and lim*...«*, m(Jk)=0.

A function / defined on an open subset U of F is said to have an approximate

derivative at the point x0 in U if there is a measurable subset F of U such that x0

is a point of density of F and

lim    ™-™
x-*xo;xeE       X     Xq

exists.

From now on, unless otherwise specified, U will denote an open subset of F".

A real-valued function / defined on U is said to have an approximate partial

derivative at p0 = (x°, ■ ■., x°) in U in the direction of the x^-axis (1 újún) if the

function/(x?,..., x°_1( -, x°+1,..., x°) has an approximate derivative at x?. The

approximate partial derivative of/at/»0 in the direction of the x;-axis is denoted by

Dr/ipo). If 7=1, we write/a'p(/»0) for D?(Po).

Let F be a transformation of U into F\ We write F=(/, ...,/„) where the/

are the real valued functions defined on U such that T{p) = (/(/»),..., /„(/»)) for

all /»in U.lfpeU and D¡/k{p) exists for 7, & = 1,..., «, then the Jacobian of F at

/» is denoted by 7(F, /»).

Definition 1. If/» e £/ and Dfp/k(p) exists for/ A: = 1,..., «, then the determinant

of the matrix [Dfp/k(p)] is called the approximate Jacobian of Fat/» and is denoted

by/ap(F,/»).

Now suppose that F is one-one and that T[U]=V is open in Fn. Following [1],

we will say that F is measurable if T_1[B] is measurable for every Borel subset F

of V and T[B'] is measurable for every Borel subset B' of U. As usual, the trans-

formation F is said to have property (A7) if m(F[Z]) = 0 for every subset Z of U of

Lebesgue measure zero.

In this paper r will always denote either a positive integer or 00, unless explicitly

stated otherwise.

Now we have a definition fundamental to the paper.

Definition 2. Let F be an one-one measurable transformation of U onto U.

Then Fis said to be approximately smooth of order r if, for every e>0, there is a

C-diffeomorphism <j>c of U onto U such that m({p \ T(p)^(f>e(p)})<e. If F is

approximately smooth of order 1, then we say simply that F is approximately

smooth.

Let F be a measurable subset of F". A point /»„ = (xj,..., x°) in Fn is called a

point of linear density of F in the direction of the x3-axis (l^j^n) if the set

E(po,j), defined by E{p0,j) = {x | (x?,..., x?_j, x, x?+1,..., x°) e E}, is measur-

able and x° is a point of density of E{p0, j). We will denote by F* the set of all /»

in F such that p is a point of linear density of F in the direction of the xraxis for
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y'=l,...,n. Then «z(F-F*)=0 (see [7, p. 298]). We will need the following

elementary proposition.

Proposition 1. Let f and g be real valued functions defined on U. Let E be a

measurable subset of{p \ f(p)=g(p)}- Suppose that p o e E* and that 1 =y'=«.

(1) IfDJ(po) exists, then Dfg(p0) exists and DjBg(p0) = Djf(po).

(2) IfDJ(j)o) and Dtg(Po) exist, then MPo)=^?0>o).

Definition 3. For an open subset U of Fn, let Cr(U) denote the set of all measur-

able functions/: U'-> R with the property that, for every e>0, there is a function

fe:U-+R of class Cr such that m({p | /(/») ¿fe(p)}) < e.

Theorem 1. Let F=(/, ...,/„) be a one-one measurable transformation of U

onto U. Suppose that T is approximately smooth of order r. Then the following

statements hold.

(1) Forj=l,...,n,feCr(U).

(2) Fory, k= 1,..., n, Dfvfk(p) exists for almost all p in U.

(3) F"1 has property (N).

(4) If U is connected, then either /ap(F, /?) > 0/or almost all p in U or /ap(F, /») < 0

for almost all p in U.

(5) If m(U)<oo, then T'1 is approximately smooth of order r if and only if T

has property (N).

(6) If (a) m(U)<<x>, (b) T and T'1 are approximately smooth of order r, and

{ipi} is a sequence of CT-diffeomorphisms of U onto U such that

lim m({p | T(p) + UM = 0,
i-* OO

then lhrw m({p \ T-\p)ïir\p)})=0.

Proof. Since T is approximately smooth of order r, there is a sequence

{*, = (/i,...,/t!)}

of C-diffeomorphisms of U onto U such that lim^oo m({p | F(/»)^<tS((/»)})=0. For

each i, let At={p \ T(p)=4,t(p)}-

Proof of (1). Suppose 1 <z^«. Then At<={p | /(/»)=//(/»)}, so/ e Cr(U).

Proof of (2). Suppose 1 ̂ y, /c = n. By Proposition 1(1), ifpeA?, then Dfvfk(p)

exists and equals DJk\p). Since m(Ai~Af) = Q for z'= 1, 2,..., Dfvfk(p) exists for

almost all /» in U.

Proof of (3). First recall that if 5* is an one-one measurable transformation of

U onto U, then S'1 has property (yV) if and only if, for every measurable subset E

of U with m(E) > 0, we have m*(S[E]) > 0.

So let F be a subset of U of positive measure. Let z0 be such that «z(F n Aio) > 0.

Since the diffeomorphism <p,~0* has property (yV) (see [6, p. 339]), m(<pio[E n Aio]) > 0.

But then m*(T[E])tm(<f>io[E n Aio])>0. Thus F"1 has property (yV).
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Proof of (4) Suppose that U is connected. By the proof of (2), 7ap(F,/») is

defined for all /» in IJi™ i A* and Jap{T,p)=J{<f>i,p) for all p in A*. Since <j>¡ is a

diffeomorphism and U is connected, either 7(<^¡, /») > 0 for all /? in U or 7(<£(, /») < 0

for all/» in £/. Since lim^«, «i(C/-^j*)=0, either 7ap(F,/»)>0 for almost all/» in U

or /ap(F, /») < 0 for almost all p in U.

Proof of (5). Suppose that m{U) <oo and that F has property (A/). Then F[F]

is measurable for every measurable subset F of U. Now let e > 0. For any measurable

subset E of U let /¿(F) = «i(F[F]). Then ^ is a finite measure on the family of

measurable subsets of U. And /¿ is absolutely continuous with respect to m since F

has property (A/). So there is 8 > 0 such that m{E) < 8 implies that m{T[E])=/x(F) < e

(see [7, p. 31]). Now choose i0 such that «i(/4¡)>»í(C/)-8 for i^i0. Then «j(F[^¡])

>«í(í/)-e for all i^i0. Thus, since F[^¡] = {/» | F"1(/') = ^r1(/')},

limm({/»|F-1(/') = ^r1(/')}) = w(C/).

Therefore F"1 is approximately smooth of order r. The converse follows from (3).

Proof of (6). If fa is substituted for (f>¡ in the proof of (5), then we have a proof

of (6).    |

For/» and q in Fn, we denote the Euclidean distance between them by \\p—q\\.

For /» in Fn and e>0 we let B{p, e) denote the set {q e Fn | |/»-#|| ^«}. For «^ 1,

we let Tn denote the set {{xu ..., xn) e Rn | 0<x,< 1 for /'= 1,..., «} (we also

denote 71 by 7). For any subset A of Rn we denote the closure, interior, and bound-

ary of A by cl A, int A, and bdry A, respectively.

Definition 4. An open subset U of Fn is said to satisfy condition (*) if

(1) U is connected,

(2) m{U) <oo, and

(3) there is a C°°-diffeomorphism 0 of U onto (7 such that J{6,p)<0 for all /»

in (7.

Remark. The set 7n satisfies condition (*) and the only subsets of F which

satisfy condition (*) are bounded open intervals.

3. The main theorem.

Theorem 2. Let U be an open subset o/ Rn («^2) satisfying condition {*). Let

T={/x, ...,/„) be a one-one measurable trans/ormation o/ U onto U. Suppose that

{l)/eCr{U)/orj=l,...,n,

(2) either Jap{T,p)^0far almost allp in U or Jap{T,p)S0far almost allp in U,

and

(3) T-1 has property (TV).

Then T is approximately smooth o/order r.

We prove Theorem 2 via the following lemmas.

Lemma 1. Let U be an open subset o/ Rn and let T be a Cr-trans/ormation o/ U

into F\ Let K be a compact subset o/ U such that T\K is a homeomorphism and
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J(T,p)^0for all p in K. Then there is an open set V such that F<= K<= U and T | V

is a C-diffeomorphism.

This is a special case of [4, Theorem 1.7].

Definition 5. Let U and V be open subsets of Fn. Let Dr(U, V) denote the set

of all C-diffeomorphisms <p of U onto V such that J(<j>, p) > 0 for all p in U. And

we denote Dr(U, U) by Dr(U).

Lemma 2 (Morse and Heubsch). Let U be an open subset of Rn containing the

origin and let 4>beaC r-diffeomorphism of U onto Rn such that <f>(0) = 0 andJ(<f>, 0) > 0.

Let e>0. Then there is a positive number f<e and (/>* in Dr(Rn) such that

<P*(p) = <f>(p)   ifPeB(0,f),
= /»        ifpeRn-B(0,e).

See [3, pp. 21-24] for a proof of Lemma 2. An easy consequence of Lemma 2 is

the following.

Lemma 3. Let U be an open subset of Rn containing the point p0 and let <p be a

C'-diffeomorphism of U onto Rn such that J(</>,p0)>0. Let e>0. Then there is a

positive numberf<e and<f>* in Dr(Rn) such that <f>*(p) = <p(p)for allp in F(/»0,/).

Lemma 4 (Morse and Heubsch). Let U and V be connected open subsets of Fn

such that B(p0,e)<=Un V. If<peDr(U, V), then there is <j>* in DT(U, V) and a

compact set K contained in U such that B(p0, e)c int K and

<f>*(p) = P        ifpe B(po, e),

= <p(p)   ifpeU-K.

See [3, pp. 45^17] for the proof of a more general statement than Lemma 4.

Lemma 5. Let Ubea connected open subset of Rn and let <f> in Dr(Rn) and B(p0, e)

be such that

B(Po, e) u <p[B(p0, e)] c U.

Then there is <p* in Dr(Rn) and a compact set K contained in U such that B(p0, e)

<=int K and

<P*(p) = tip)   ifp 6 B(po, e),

= p        ifpeR»-K.

Proof. Since B(p0,e)^Un<f>-1[U], by Lemma 4, applied to U, ^_1[t/], and

¡p'1, there is a compact set K contained in U and <£+ in Dr(U, <£_1[C/]) such that

B(p0, e)cintFand

Mp) = P üpeB(pQ,e),

= <p-\p)   ifpeU-K.

Define <f>* by
<P*{P) = <p{<PÂP))   ïïpeU,

= /» if pe Rn-U.

Then </>* is the required diffeomorphism.    |
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Lemma 6. Let U be a connected open subset 0/ Rn («§2). Let {<(>, \j= 1,..., k}

be contained in Dr{Rn) and let UJL x B(p¡, ef) be contained in U. Suppose that

(1) UBiPi, e,)]c U/orj= l,...,k, and

(2) {B(p}, ei)\j=l,...,k}u {^[BiPj, e¡)] \j=l,...,k}isa disjoint family.

Then there is <j> in Dr{Rn) and a compact set K contained in U such that

(a) \JUi Bip^e^iatK,
(b) 4>\B{Pi, ej) = <f>j\B{pj, e,)/orj=l, ...,k,and

(c) #/»)=/» ,//»eF"-F.

Remark. If «= 1, then Lemma 6 is false if k^2. This is what prevents the proof

of Theorem 2 from holding when « = 1.

Proof. For 7= 1,..., k, let Bj = B{p,, e¡). Since U is connected, n^2, and (2)

holds, there are connected open sets Ux,..., Uk contained in U such that

(U,\j- l,...,k}

is a disjoint family and, for/'= 1,..., k, B¡ u ^y[Fy]<= U¡. For/= 1,..., k, by Lemma

5, there is a compact set Kf contained in Uf and j>* in Dr{Rn) such that F^mt K,

and

tfip) = hip)       XpeBj,
= /» if/»eFn-Fi.

Define <j> by

<Kp) = tfip)   ifpeU,,   j=l,...,k,
= /» if/»eF"-U^.

Then </> is the required diffeomorphism.    |

In the rest of this section, unless otherwise specified, U will denote an open subset

of Rn (« ^ 2) satisfying condition (*).

Lemma 7. Let T={fx,. ..,/„) be a one-one measurable trans/ormation 0/ U onto

U such that/ e Cr{U) far j= 1,..., «. Let E be a measurable subset 0/

{p I -UF P) > 0}       ({/» I 7ap(F, /») < 0}).

Suppose that m{E)>a>0. Then there is C-diffeomorphism <f>a of U onto U such

that

m{{p I T{p) = UP)} n F) > a.

Proof. (1) Suppose that F<={/» | 7ap(F,/»)>0}. Since / e Cr(C/) for/=l,...,«,

there is a transformation S: U->Rn of class C such that m{{p | F(/>) ̂  S(p)})

<m(E) — a. Then m({p \ T(p) = S(p)} n E)>a. Let F be a compact set contained

in F n {/» I F(/») = S(p)}* and such that m(K) > a. From the first property of K and

Proposition 1(1), we have J(S, p) =/ap(F, /») > 0 for every /» in F. And, since

S'|F=F|F, SlF is one-one. Thus, since F is compact, S\ K is a homeomorphism.

Let V={p e U | J(S,p)>0}. Then, by Lemma 1, there is an open set W such that

KaW^V and S\W is a C-diffeomorphism. And W can be chosen so that

S[W]<=U.
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Now let "V be the family of all B(p, e) contained in W for which there is <p in

Dr(Rn) such that S\B(p, e)=<f>\B(p, e). By Lemma 3, for each p in W there is a

positive number ep such that {B(p, e) | 0<e<ep}<=y. Thus W and "f satisfy the

hypothesis of Vitali's theorem (see [7, p. 109]). Hence, since m(W)<ao, there is a

finite disjoint family {B(p¡, e¡) \ j= 1,..., k) contained in "V such that

m(w-\Ji B(p„eS) < m(K)-a.

Let Bj=B(pj, e¡) for y'=l,..., k. Now there is a finite family {</>, |y'=l,..., k}

contained in Dr(Rn) such that S^^F, fory= 1,..., k. Let Ka=Kn [ljy=i BÄ.

Then m(Ka)> a. And {¿[Bj] |y'=l,..., k) is a disjoint family since S\W is one-one.

Next, let {B(qj,f¡) |y'=l,..., k) be a disjoint family contained in

[/-U^U^F,]].

Let B'j=B(qj, /) for y= 1,..., k. Now, for y'= 1,..., k, let a, be an affine trans-

formation of Fn onto Fn such that a;[F;] = Fy and J(ajtp)>0 for all /> in F\ By

Lemma 6, there is a in Dx(Rn) and a compact set Fa contained in U such that

Uy=i Fy<=int Ka, a\Bj=aj\Bj fory'= 1,..., k, and a(p)=p for/» e Rn-Ka.

Now, by Lemma 6, applied to {<f>t oaf1 | y'= 1,..., k}, {B¡ | y'= 1,..., k}, and U,

there is <f> in Fr(Fn) and a compact set F¿ contained in U such that (Jy=i 5,«= int F¿,,

^|F; = (^ o ̂ -1)15; fory'= 1,..., k, and ¿(/»)=/» for/» e R^-K*.

Now let ¿a=<¿ o (a|L7). Then <pa e Dr(U) and <¿a|Fa = F|Fa. For let/» e Fa. Then

there is a positive integery'^/c such that/» e F,. So

<pa(p) = «AW/')) = <p(«âp)) = (<f>, ° «nMp)) = Up) = s(p) = T(p).

Hence «j({/» | T(p)=<pa(p)} n E)^m(Ka)>a.

(2) Suppose that F<={/» | J(T,p)<0}. Since C/ satisfies condition (*), there is a

C "-diffeomorphism 9 of U onto Í7 such that 7(0, /») < 0 for all /> in Í/. Let

Tx = To9 = (gx,...,gn).

Then ^ e C,(U) for y'= 1,..., «. For, since / e CT(U) for y'= 1,..., n, there is a

sequence {Sk} of Cr-transformations of U into F" such that

lim m({p | F(/») = Sk(p)}) = m(í7).
fc->00

Then, since 9'1 has property (yY) and m(U)<oo, lim,^ miö-1^/» | T(p) = Sk(p)}])

=m(U). But, for each k, 9'^p | T(p) = Sk(p)}]={p \ Tx(p) = Sk(9(p))}. So, for

j=l,...,n,gjeCr(U).

Next, let

¿ = [ Ü [{P I ̂ (/O = Sk(9(p))}* n 9-^p | T(p) = Sk(p)}*]} n fl-i[£].
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Then m{A) = m{0-1[E])>0. And A<={p \ 7ap(F1,/»)>0}. For let/» e A. Then there

is i such that 7ap(F1,/»)=T(5'f o d,p) and Tap(F, 0{p))=J{Si, 0(/»)). So

Ap(f1;/») = J{Si oö,/») = /(s„ e{p))j{d,P) = Tap(F, 0{p))J{e,P).

Since ö(/>) e F, both factors on the right are negative. Hence /ap(F1; /») > 0.

Since d has property (TV) and m{U)<co, there is a positive number 8<m{A)

such that «z(0[F])<«i(F)—a for every measurable subset F of U with m{F)<8.

Now, applying part (1) to F1; /Í, and m{A) — 8, there is 0 in Dr{U) such that

™({/> I Tx{p)=4,{p)} n /<)>«i04)-S. Then m{0[{p \ Tx{p)^{p)} n ^])<«i(F)-a.

Let <£a = ^ ° #_1- Then <£a is the required diffeomorphism.    |

Remark. The diffeomorphism <j>a in Lemma 7 can be chosen so that there is a

compact set Ka contained in {/» | T{p) = <f>a{p)} n F such that <¿a|(t/—Fa) is a real

analytic diffeomorphism. This is a straightforward application of [8, Lemmas 1

and 6] and of [4, Theorem 1.2].

Lemma 8. Let U be an open subset of Rn and let T be a C1-transformation of U

into F\ If E is a measurable subset of U and J{T, p) = 0 for almost all p in E, then

m(F[F])=0.

See [6, p. 339] for a proof of Lemma 8.

Proof of Theorem 2. Theorem 2 will follow from Lemma 7 if we show that the

set Z={/» | 7ap(F,/») = 0} has measure zero. Note first that /ap(F, •) is a measurable

function since the Dfp/ are measurable functions (see [7, p. 299]). Hence Z is a

measurable set. There is a sequence {Sk} of Cr-transformations of U into Rn such

that lim^«, m{{p \ T{p)*Sk{p)}) = 0. For each k, let Zfc=Z n {/» | T{p) = Sk{p)}.

Then m{Z—\Jk=x Zk) = 0. Let A: be a positive integer. Then, by Proposition 1(1),

we have J{Sk, /»)=/ap(F, /»)=0 for all /» in Z£. So, by Lemma 8, m{Sk[Zk])=0.

Hence m{T[{Jk°=x Zfc]) = 0. Since T'1 has property (A/), «i(U£°= i Zfc) = 0. Therefore

m{Z) = 0.    |

Remarks. (1) It can be shown that if Theorem 2 holds for an open subset U of

Fn (« ^ 2), then £/ satisfies condition (*).

(2) If U is a bounded open subset of F" and ^ is a homeomorphism of U onto t/,

then the condition that «¿-1 has property {N) means essentially that <£-1 is

"absolutely continuous." Explicitly, this means that <^_1 is eAC in the terminology

of [6].

In [9], Whitney proved the following two theorems, the first of which allows us

to determine "explicitly" the approximately smooth one-one measurable trans-

formations of U onto U.

Theorem 3 (Whitney). Let U be an open subset of Rn. Then fe CX{U) if and

only i//orj= 1,..., «, Dfp/{p) exists far almost all p in U.
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Theorem 4 (Whitney). Let r be a positive integer and let f be a real valued

function defined on the open subset U of Rn. Suppose that

(1) f has partial derivatives of order ^r everywhere on U and

(2) each partial derivative off of order r has a total derivative almost everywhere

on U.

ThenfeCr+1(U).

Combining these two theorems with Theorem 2, we have the two of the most

important results of this paper.

Theorem 5. Let F=(/, ...,/„) be a one-one measurable transformation of U

onto U. Then T is approximately smooth if and only if

(1) for j, k = l,..., «, Dfpfk(p) exists for almost all p in U,

(2) either /ap(F,/»)^0/or almost all p in U or /ap(F, /») ̂  0 for almost all p in U,

and

(3) T~1 has property (N).

Furthermore, both T and T'1 are approximately smooth if and only if T satisfies

(1), (2), (3), and

(A) T has property (N).

If Tsatisfies (1), (2), (3), and (A), then there is a sequence {U of C1-diffeomorphisms

of U onto U such that

lim m({p | T(p) + UP) or T^(p) * U\p)}) = 0.
I-.CO

Theorem 6. Let r be a positive integer. IfT=(fx, • • • >/n) is a one-one measurable

transformation of U onto U such that

(1) for y'= 1,...,«,/ has partial derivatives of order ^r everywhere on U,

(2) for y'= 1,...,«, each partial derivative off of order r has a total differential

almost everywhere on U,

(3) either J(T, /») = 0 for almost all p in U or J(T, /») = 0 for almost all p in U, and

(A) T~1 has property (N),

then T is approximately smooth of order r+\.

Remark. If « = 2 in Theorem 6, then Fis necessarily a homeomorphism and (3)

follows from (1) (see [6]).

Another corollary to Theorem 2 is the following.

Theorem 7. Let T be a one-one measurable transformation of U onto U. IfTis

approximately smooth of order r for every positive integer r, then T is approximately

smooth of order oo.

This follows from Theorem 1 and Theorem 2 and the following lemma.

Lemma 9. If U is an open subset of Rn, then Ccc(C/) = Hyli C¡(U).
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Proof. Suppose that/enf=1 C,{U) and let e>0. For each positive integer j

choose gj-. U -> R of class CJ such that m{{p | /(/»)/g//»)})<e/2i. Let

A = {/» | /(/») = gj{p) forj =1,2,...}.

Then m{U-A)<e.

Now let A0 = A. For any integer7^0, having defined A¡, let Aj+x = Af. Then let

A<B = C\f=vA]. Note that m{U-A„)<e.

Now, using Proposition 1(2), it is easy to show by induction that

(*) Afc».kjgáp) = Afci.knygtÍP)

for all /» in Af whenever s and r are positive integers ^7 and 2"=i ^¡=7- So (*)

holds for allp in A«, whenever s and t are positive integers such that

n

2 fci á min (s, r).
1=1

Now let F be a closed set contained in Am such that m{U—F)<e. For every

positive integer « and every «-tuple {kx,..., kn) of nonnegative integers define

/*,.k„) by/fcl.*„)(/>) = A**.*„)£//>) for/» in F where 2?=i^¡=/ From the

preceding paragraph it follows that the/fcl.kn) are well defined and that/is of

class C°° on F. Then, by [8, Theorem 1], there is a function «: Rn-+ R of class C°°

such that «|F=/|F. Hence/e Cœ(£/).   |

Remark. Theorem 2 is false for F. For define /by

/(x) = x+l/2 ifO < x < 1/2,

= x-l/2 if 1/2 < x < 1,

= 1/2 ifx=l/2.

Then / is a one-one measurable transformation of 7 onto I such that/e CX{I),

/'(x)=l for almost all x in T, and/"1 has property (TV). But, if g is a homeo-

morphism of I onto T, then m{{x | /(x)=g(x)})^ 1/2. (See [1, p. 272].)

However, the following statement can be proved.

Theorem 8. Let <f> be a homeomorphism 0/ I onto I. Then <j> is approximately

smooth 0/ order r i/ and only i/

(1) <l> e Cr{I) and

(2) (f)'1 has property (TV).

3. In this section we show that Theorem 2 is the "best possible" theorem. First

we need the following definitions.

A modulus of continuity is a monotone nondecreasing function a defined for all

nonnegative real numbers such that limÄ_0+ ct(x) = ct(0)=0.

Definition 6. Let A be a subset of Fn and let o be a modulus of continuity.

Let C{A, a) denote the set of all functions /:A->R such that \\/{p)—/{q)\\

^a{\\p-q\\) for all/» and q in A.

We denote the set of all real-valued continuous functions defined on [0, 1] by

C[0, 11.
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Theorem 9 (Goffman). For every sequence {a,} of moduli of continuity, there

exist fin C[0, 1] such that m({x \ f(x)=g(x)}) = 0for all g in Uy°=i C([0, 1], a,).

See [2, pp. 741-744] for the proof of Theorem 9. Using a slight modification of

the proof of [2, Corollary 3], we prove the following statement.

Proposition 2. Let r be a positive integer and let {a¡} be a sequence of moduli of

continuity.

(1) There is a Cr-diffeomorphism <pr of[0, 1] onto [0, 1] such that if g: [0, 1] -+ R

is a class Cr and gw e \Jfmy C([0, 1], a,), then

(**) m((j {x \ tikXx) = gm(x)}) =0.
\fc = 0 /

(2) If<pr is as in (1), if g: I-+Ris of class Cr and ifgw e \Jf=1 C(I, a,), then (**)

holds.

Proof. First, suppose that r=l. By Theorem 9, there is/in C[0, 1] such that

m({x | f(x) = w(x)})=0 if w e U™y=i C([0, 1], io¡). Choose positive numbers a0 and

b0 so that f(x) + b0 > 0 for all x in [0, 1] and so that JJ a0(f+b0)dm = l. Define </>x

by 4>i(x)=¡o Oo(f+b0)dm for x in [0, 1]. Then ¡f>x is a C-diffeomorphism of [0, 1]

onto[0, 1]. Now suppose that g : [0, 1] -> Fis of class C1 andg' e ljy=i C([0,1 ], <ry).

Then a^g'-b0 e IX,«i C([0, 1], h,), so

0 = m({x | ßx) = a„-yW-y = m({x \ <p[(x) = g'(x)}).

Now, by Proposition 1(2), {x \ <f>x(x)=g(x)}*<=^{x \ <f>'x(x)=g'(x)}. Hence

m({x | fa(x) = g(x)}) = 0.

Then it is easily seen that <f>x satisfies (2). And, in the induction step, we replace

fhyU

Corollary 1. Let r be a positive integer.

(1) There is a C-diffeomorphism <pr of[0, 1] onto [0, 1] such that if g: [0, 1] -> F

is of class C and (^<r))lP(^) exists for almost all x in [0, 1], then

(***) mí (J {x | tik\x) = g™(x)}\ = 0.
\Jc = 0 /

(2) If<fir is as in (I) and ifg: I'-> F is of class Cr and (g(r%s(x) exists for almost

all x in I, then (***) holds.

Proof. (1) Let oj(x)=jx for x = 0, j— I, 2,.... Applying Proposition 2 to {a¡\,

we obtain a C-diffeomorphism i/ir of [0, 1] onto [0, 1] such that if w: [0, 1] -> F

is of class Cr and H^etjf-i C([0, 1], a,), then m(U*-o{* I "A^'W = w(fc)W}) = 0.

Now suppose that g: [0, 1] -> F is of class C and (;?<r))lP(A:) exists for almost all x

in [0, 1].
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Suppose that m{{x | #.r,(x)=g(r)(x)})>0. Then, by Theorem 3, applied to g(r)|7,

there is a function v: [0, 1] ->■ F of class C1 such that

«i({x | <l>r\x) = gm{x)} n {x | gw{x) = v{x)}) > 0.

Next, let u: [0, 1]-»F be a function of class Cr+1 such that uM = v. Then

«(r)eUr=iC([0, l],ay). So

0 = m{{x | #r>(x) = ««(*)}) = w({x | «A«(x) = v{x)}).

Therefore «t({x | #n(x)=g(r)(x)}) = 0. The rest of the proof of part 1 and the proof

of part 2 are very similar to the corresponding parts of the proof of Proposition 2.

Theorem 10. (1) Let {a;} be a sequence o/moduli o/continuity. Let r be a positive

integer and let j and k be integers between 1 and n. Then there is a C-diffeomorphism

a o/In onto In such that i/S={/x,.. .,/„) is a C'-trans/ormation o/In into Rn with

Drj/k in Uf=i C{In, <rt), then m{{p \ a{p) = S{p)}) = 0. If, in addition, S is a Cr-

diffeomorphism of In onto In, then m{{p \ a{p) = S{p) or a~1{p) = S~1{p)}) = 0.

(2) Let r,j, and k be as in (1). Then there is a C-diffeomorphism ß of 7" onto 7"

such that ifS=ifi,.. .,/„) is a C'-trans/ormation o/In into Fn andif Df{Dri/k){p)

exists for almost all p in 7n, then m{{p | ß(p) = S(p)}) = 0. 7/ in addition, S is a C-

diffeomorphism of In onto In, then m({p \ ß(p) = S(p) or ß-1(p) = S'1(p)}) = 0.

Proof. In this proof we denote Lebesgue measure on F by mx and Lebesgue

measure on Fn by m.

(1) Let 4>T be a C r-diffeomorphism of I onto I satisfying the conclusion of

Proposition 2(2), relative to {aj). For s=l,.. .,n, define as by

as(xx,...,xn) = xs if s 7±j,k,

ak(xx,..., xn) = <f>r{x})   for {xi, ...,xn)e In,

a¡{Xi, . . ., Xn) = Xfc.

Let a = («i,..., an). Then a is a Cr-diffeomorphism of 7n onto 7n.

Now let S=ifx,.. .,/„) be a C'-transformation of In into Rn with

D)/k 6 Ü C{I», ai).
i = l

Letyx,...,yj_x,yj+x,...,yn be in I. Then the function

f = /k{yi,---,y¡-i, -,yi+x,...,y^:i^R

is of class Cr and/(r> e U"-i C{I, a¡). Since mSf e I \ f{t)=<j>r{t)}) = 0,

mx{{t e 11 /k{yx,..., y¡_x, t, yj+u ...,yn) = ak{yx,. ..,y¡-x, t,yj+x,. ..,yn)}) = 0.

Then, by Fubini's theorem, m{{peln \ ak{p)=/k{p)}) = 0. Hence

«î({/»e7"|«(j») = 5(j»)}) = 0.
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The last statement of (1) follows since a has property (N). The proof of (2) is

the same as the proof of (1) with Corollary 1 substituted for Proposition 2.

4. Examples. In this section mx will denote Lebesgue measure on F and m

will denote Lebesgue measure on F2.

A homeomorphism of / onto / is either monotone increasing or monotone

decreasing on / and hence has a derivative almost everywhere on /. In contrast to

this, for « = 2, a homeomorphism of/" onto /" need not have even approximate

partial derivatives almost everywhere on T.

Example 1. There is a homeomorphism a = (u, v) of I2 onto I2 such that

(1) a and a'1 have property (N) and

(2) m({p | Dtpv(p) exists})=0.

It follows that if i/j is a C-diffeomorphism of/2 onto I2, then

m({p | a(p) = ftp) or a-\p) = J,"!(/»)}) = 0.

Construction. By [5, Theorem 1 ] there is / in C[0, 1 ] such that if

\f(x + h)-f(x)\
x | lim ap = oo >'

then mx(A) = I. We may assume that |/(x)| < 1/2 for all x in [0, 1]. Let u(x, y) = x

for (x, y) in I2 and define v by

v(x,y) =y + 2f(x)y if0 < x < 1,0. < j?.$ 1/2,

= y + 2f(x)(l -y)   if 0 < x < 1, 1/2 g y < 1.

Let a = (u, v).

Verification. The transformation a is a homeomorphism of I2 onto I2 since

v(x, • ) is a homeomorphism of / onto / for all x in /.

(1) Let Z be a subset of I2 of measure 0. We may assume that Z is a Borel set.

Then a[Z] is a Borel set. Now, by Fubini's theorem, mx({y | (x,y)eZ}) = 0 for

almost all x in /. Thus mx({v(x, -)(y) \ (x,y) eZ}) = 0 for almost all x in / since

v(x, •) is a piecewise linear homeomorphism. So mx({y \(x,y) e a[Z]}) = 0 for

almost all x in /. Hence «z(a[Z]) = 0. A similar argument shows that a-1 has

property (A7).

(2) Let B={(x, y) | lim„_0 ap \(v(x+h, y)-v(x,y))/h\ =co}. Then {y | (x, y) e B}

= An I for all x in /. Hence m(B) = 1. Therefore m({p \ Dxpv(p) exists}) = 0.    |

The following example shows that even if a homeomorphism is of class C,

it may fail to be approximately smooth (however, it does follow that its inverse is

approximately smooth).

Example 2. There is a homeomorphism ß of / onto / such that

(1) j8 is of class C,

(2) ß'1 is approximately smooth of order oo, and

(3) ß is not approximately smooth.
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Construction. Let F be a closed nowhere dense set of positive measure contained

in /. Let/be a bounded, continuous, nonnegative function defined on / such that

F={x | Z(x) = 0} and such that/|(/-F) is of class C°. Define ,8 by letting

KX)= [fofdmi]   ' So*fdmi

for x in F

Verification. Clearly ß is of class C on /, ß is of class C°° on /—F, and

F={x\ ß'(x) = 0}.

Since F is nowhere dense and /(x)>0 for x e I— F, ß is a homeomorphism of /

onto /.

(2) First we note that ß'^I-ßiF]) is of class C°. Next, since j8'(x)=0 for all

x in F, mx(ß[F])=0. And ß~1eCx(I). For let e>0. Let KE be a compact set

contained in /—ß[F] of measure >1 —e. Then S_1 is of class C°° on Ke. So, by

[8, Theorem 1], there is ge: I-> R of class C° such that ge\Ke=ß-1\Ke. Thus

ß'1 e Cœ(/). So, since ß has property (yV), by Theorem 8, ß_1 is approximately

smooth of order oo.

(3) Since «î!(F)>0 and mx(ß[F]) = 0, ß is not approximately smooth.    |

Remarks. (1) If ß* is defined by ß*(x,y) = (ß(x),y) for (x,y) in I2, then ß* has

properties analogous to those of ß. This technique applies to Example 3 also.

(2) If F is a one-one measurable transformation of T onto /" (« = 2) such that

Fis approximately smooth of order r and F_1 is approximately smooth, then T'1

is approximately smooth of order r.

Example 3. There is a homeomorphism y of / onto / such that

(Oy.y^e CX/) and

(2) if if1 is a diffeomorphism of / onto /, then

mx({x | y(x) = Kx) or y*(x) = UKx)}) = 0.

Construction. Let y be a homeomorphism of / onto / such that there is a set A

contained in /of measure 1 such that mx(y[A]) = 0 (see [7, p. 101]).

Verification. Clearly y satisfies (1) since any homeomorphism of / onto /

satisfies (1). Now let i/> be as in (2). Since mx(A)=l and mx(y[A])=0, we have

y'(x)=0 for almost all x in A (see [7, p. 126]). Hence m({x \ y'(x) = Ux)}) = 0. As

in the proof of Proposition 2, m({x \ y(x) = ip(x)})=0. Similarly,

m({x\y-1(x) = r1(x)}) = 0.

In Theorem 2 part of the hypothesis is that either /ap(F, /») = 0 for almost all p in

U or J&V(T, /») = 0 for almost all /» in U. Obviously this condition cannot be omitted

from the hypothesis if T is assumed merely measurable. The following example

shows that this condition cannot be omitted even if F is assumed to be a homeo-

morphism.
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Example 4. There is a homeomorphism 0=(h, v)[0'1 = (Q, v)] of I2 onto I2 such

that

(1) u, v,u,ve Cœ(/2),

(2) 0 and 0'1 have property (TV), and

(3) m({p | 7ap(0, p) > 0}) > 0 and m{{p | 7ap(0, p) < 0}) > 0.

It follows from (3) that neither 6 nor ö~1 is approximately smooth.

Construction. Let J={(x, y) \ O^x^ 1, 0^>>^ 1/2} and define r¡ by i¡{x,y)

= {l— x,y) for (x,y) in intF Then »? is a C"-diffeomorphism of intT onto int./

such that J{r¡, /») = — 1 for all /» in int J. We now need the following material.

Definition 7. A subset A of I2 is called sectionally zero-dimensional if, for

every line F parallel to either the x-axis or the y-axis and every e > 0, there is a line

L' parallel to L such that dist (F,F')<e and L' n A= 0.

Let C be a simple closed curve contained in F2. We denote the bounded com-

ponent of F2 - C by I{C).

Definition 8. A set F contained in I2 is called a/»-set if bdry F is a simple closed

curve which is composed of a finite number of line segments each of which is

parallel to either the x-axis or the j>-axis and F=bdry F u T(bdry F).

Theorem 11. ^4 homeomorphism o/ the unit circle in the plane onto itself has an

extension to a homeomorphism o/ the closed unit disk onto itself which is a C°°-

diffeomorphism of the open unit disk.

Remark. Actually, it follows from [4, Theorem 1.3] that the extension may be

chosen so that it is a real analytic diffeomorphism of the open unit disk.

The following is an easy corollary to Theorem 11.

Corollary 2. For i—l, 2, let {P{,..., Pß be a disjoint family ofp-sets contained

in the interior of the p-set F¿. Let </> be a homeomorphism of bdry Fj onto bdry P2.

Then there is a homeomorphism <f>* of Po — (J {intPf \j=l,.. .,n} onto P2 —

U{intP2 \j=l,...,n},and,fori=l,2,anopenset U¡ contained in

P¿-U{intPj|/-= 1,...,«}

such that

(1) for i=l, 2, m{Ui) = m{P'o-{J {intPj | 7=1,...,«}),

(2) <f>*\Ux is a CK-diffeomorphism of Ux onto U2,

(3) <f>*\bdryP^=<f>,and

(4) ¿*[bdry Pj] = bdry Pf far j=l,..., n.

The following comes directly from the proof of [1, Theorem 1] and will be

stated without proof.

There are sectionally zero-dimensional compact sets S1 and S2 contained in

int J such that miS1) > 0 and r)[Sx] = S2. Next, there is a family of sets

iSh---ik'Pil---ik)'
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defined in the following manner. First, there is a positive integer tx; for every

jxútx, there is a positive integer th; for every jx^tx, j2 = th, there is a positive

integer thJ2; and, for every positive integer k> 1, having defined positive integers

hi—h-v there is> for ev«fy/i=íri, J2^th,...,jk<ith..jk_1, a positive integer

ryi...v Now, for every k^l,jx^tx,j2^th,.. .Jk£tj1...jk-1, and z'=l, 2, there are

sets S$, . ,)|c and F^.. Jk with the following properties :

(V) 5,j1...,fc is a sectionally zero-dimensional compact set such that S'hcS' and,

for*>l,'4..J*cS/i...w
(2') diam (S),..,k) = (1/2)* and rrfS},.. . J = S2...,fc.

(3') Forz'=l,2,

Sf = U {S'h...jk | A = ?!,...,;, = iÄ..j..J.

(4') Fj,...^ is a/»-set such that diam (/>j,..jlf)á(l/2)*!-1.

(5') For z= 1,2,

{^...yjA == h,...,jk<t th...ikJ

is a disjoint family.

(6') For k>\, S\í...Jk^intP)í...Jk^P\1..,k^intP]1...Jk_í and S^eintJrV^,

eint F

Note that properties (3'), (4'), and (6') imply that

(7') For /= 1,2,

CO

te = l

Next, a homeomorphism ij* of int/ is constructed in the following manner

(this is a slight modification of the technique used in the proof of [1, Theorem 1]).

Step 1. For z'= 1, 2, let Jtx denote the set J-(J {int P'h | jx ̂  tx}. By Corollary 2

there is a homeomorphism ct,_ of Fi onto J2X, and, for z'=l,2, an open set Utl

contained in Fi such that

(1.1) «z(i/il) = «z(Fi)forz'=l,2,

(1.2) ox\Uxx is a C-diffeomorphism of UXx onto U12,

(1.3) ox(p)=p for/» in bdry /, and

(1.4) a1[bdryFi1J = bdryFi2 fory^.

Step 2. For z'= 1, 2, and jx = tu let Fj, denote the set P'h - {J {int P]1J2 \ j2 = iyj.

For z'= 1, 2, let Ji2 denote the set (J {F^ | y\ ^ zj. For jx S tx, apply Corollary 2 to

F/j, F2 and ax\bdvy P}v Hence there is a diffeomorphism <r2 of/12 onto J22 and,

for z'= 1, 2, an open set t/i2 contained in Ji2 such that

(2.1) m(Ui2) = m(Jl2) for i=l,2,

(2.2) o2\Ux2 is a C-diffeomorphism of t/12 onto U22,

(2.3) a2(/») = ffl(p) for p in U {bdry P\ \ j\ Ú tx}, and

(2.4) <72[bdry Pjlh] = bdry Pf1J2 for / ^ tu y2 = ffc.

Let k be an integer greater than 2 and suppose that we have defined homeo-

morphisms Ox,...,Ok-x-
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Step k. For i'=l,2, and/áíi,.. .,A-iá<fi..,ft¡-a> let Kih.,.)k_1 denote the set

Plh...ik-í-iJ{^tP'h...Jk\jkúth...ik^}.

For /= 1, 2, let Jik denote the set

UW...A-, If ^ h,...,jk_i s th...ikj.

Forjx<;tx,...,jk-x<:th...}lc_2, apply Corollary 2 to F^...^, F?...,-^, and

<Tfc_j|bdry Fy^.^.j. Hence there is a homeomorphism <rfc of JXk onto /2fc and, for

i'= 1, 2, an open set Uik contained in Jik such that

(k.l) m{Uik) = m{Jlk) for /= 1, 2,

(k.2) ak\UXk is a C"-diffeomorphism of Uxk onto t/2fc,

(k.3) ak(/») = (7fc.1(/»)for/»in

U{odryP}l...ik_1\jx í tx,...,jk.x Ú th...ikJ,

and

(k.4)       ^[bdryFA...yJ = bdry f% ..,k   for/ ^ i1;...,/ á th...h_1.

By induction we have a sequence {<rfc} of homeomorphisms. Now define r¡* by

1*00 = v(p)   «f P e $S
= t»fc(/»)   if & ^ 1 and /» e 7lfc.

And define 0 by

0(/>)=/» ifpeI2-J,

= tf{p)    if pej.

Verification. The proof that r¡* is a homeomorphism of J onto 7 is given in [1 ].

Now, for /'=1,2, let U{ = (J{Uik\ k= 1,2,...}. Then from (k.l), we have

m{Ut) = m{J-S') for /=1,2. And, from (k.2), we have r]*\Ux is a C"-diffeo-

morphism of l/ onto U2.

We now show that 0 has properties (1), (2), and (3).

(1) Let e>0. Let Ax, A2, and A3 be compact sets such that AX^I2—J, A2<^SX,

A3CUX, and such that if A = AX u A2 u ,43, then we have m{I2 — A)<e. There are

disjoint open sets V2 and F3 such that A2<=V2CmtJ and A3^V3<^UX. Let

K=(72-7) u F2 u V3. lf<f> is defined by

<Kp)=P ifpel2-j,

= 7]{p)     if/» e K2,

= ^*fj»)   if/»eF3,

it follows that <j) is of class C°° on V. And, since 0\A =<I>\A, we have that u and t>

are of class Cx on A. Thus, by [8, Theorem 1], there are functions u* and v* of

class C°° on T2 such that m*|/í = m|/í and v*\A = v\A. Thus h and v are in C„„(T2).

A similar argument shows that ü and v are in C„o(T2).

(2) Since 0\S\ 0\{I2-J), 0\UX, and Q^J-iS1 u i/j)] all have property (TV), it

follows that 0 has property (TV). Similarly, 0'1 has property (TV).
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(3) Since T2-J<={p | J{0,p) = l}, it follows that m{{p \ Jap{0,p)>O})^m{I2-J)

>0. And, since 0\S1 = r¡\S1, by Proposition 1(1), we have J&P{0,p)=J{v,P)= -1

for/» in {S1)*. Thus m{{p | /ap(Ö,/»)<0})^w((51)*)>0.

Remark. Let <l> = {/x,...,/,) be a homeomorphism of Tn onto Tn (n^2) such

that, for 1 ̂ 7*^«,/ has partial derivatives almost everywhere on 7n. If « = 2, then

either J{i/i, /») ̂  0 for almost all /» in 7n or 7(^f, p) ^ 0 for almost all /> in 7". If n ̂  3

and, in addition, <¡> has a weak total differential almost everywhere on 7", then the

same statement holds. We do not know whether this is true for « ̂  3 if we do not

assume that i/i has a weak total differential almost everywhere on T\ See [6] for a

proof of each of these statements.
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